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0. INTRODUCTION 
In 1921 in a paper entitled “On Division Algebras,” J. H. M. Wedder- 
burn proved that every division algebra of degree 3 over a field of charac- 
teristic not 3 is cyclic. In the process he proved two other remarkable 
results. First he showed that if D is a division algebra over a field F and 
Q E D - F then the minimal polynomial g(L) of 0 over F factors over D into 
linear factors; that is, in the polynomial ring D[lr] (where 1 commutes with 
the elements of D) we have g(1) = (2 - 0,)(L - l3,._ 1) ... (2 - 0,) for some 
tii E D, where B, = 8. Each ei is a root of g(A) and hence a conjugate in D 
of 8. Wedderburn then proceeded to prove that if D has degree 3 then one 
can do better. In that case there is an element 4 in D” such that 
g(A) = (A - t -28t2)(A - [P’et)(l - Q) in D[A]. It follows that t3 E F”, and 
using this he quickly derived his main result, the cyclicity of division 
algebras of degree 3. 
In this paper we introduce the notion of a conjugate splitting for a poly- 
nomial with coefficients in some field F over an F-algebra A-it is precisely 
the kind of decomposition Wedderburn proved for division algebras of 
degree 3. We then prove that the Clifford algebra of the homogenization of 
the polynomial is universal for these conjugate splittings (see Theorem 1.2). 
The rest of the paper consists of consequences and interpretations of this 
result along with a number of examples. 
In the first section we present examples of conjugate splittings including 
examples for polynomials of degree greater than 3. In addition we show 
among other things that Wedderburn’s theorem extends to M,(F), the split 
central simple F-algebra of degree 3. In the second section we restrict atten- 
tion to cubic polynomials and use the known structure of the Clifford 
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algebra of binary cubic forms to construct several examples over Q, the 
rationals. More precisely it is known that the Clifford algebra of a binary 
cubic form is Azumaya with center the coordinate ring of the elliptic curve 
Y* = X3 - Q for a certain a in the field. Hence conjugate splittings arise 
from points on this curve and it is this interplay that we exploit in 
Section 2. In particular we present examples where the theory leads one in 
a natural way to points of infinite order on certain such curves. In the last 
section we use these ideas to prove various norm conditions equivalent to 
B(L/F) = 0, where F is a field of characteristic not 3 and L/F is a field 
extension of degree 3. 
1. CONJUGATE SPLITTINGS 
To begin we remind the reader of the definition of the Clifford algebra. 
Let F be a field. We consider only binary forms f(s, T) E F[S, T]. If the 
degree off is n then the Clifford algebra C, is defined to be F{x, y}/Z, 
where F{x, y} is the free associative algebra in two variables and Z is the 
ideal generated by the elements of the form (CIX + by)” -f(a, fl), for all 
CI, ~EF, 
We define next the notion of a conjugate splitting. 
DEFINITION 1.1. Let g(%) E F[n] be a manic polynomial of degree n. Let 
A be an F-algebra. We say g(1) has a conjugate splitting over A if there are 
elements <, 8 in A such that <“E F” and 
in A[n] (the variable A is assumed to commute with the elements of A). 
We call the element 5” the associated constant for the splitting. 
EXAMPLES. (1) As we stated in the Introduction Wedderburn [7] 
proved that if D is a division algebra of degree 3 over a field F and g(n) 
is the irreducible polynomial of some element of D, then g(1) has a 
conjugate splitting over D. 
(2) Let A = (L/F, D, a) be a cyclic algebra of degree n and let z be an 
invertible element of A such that zkz‘~’ = o(k) for all k E L and zn = a. If 
L = F(8) and g(n) = Irr,(B) (the irreducible polynomial of 8 over F) then 
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is a conjugate splitting with associated constant c(. Of course this example 
is quite special because all of the conjugates commute. Conversely if A is 
an F-algebra such that an irreducible polynomial g(A) of degree n has a 
conjugate splitting 
in A [A] such that the conjugates 5-‘0(’ all commute then the F-subalgebra 
of A generated by < and 0 is the cyclic algebra (F(8)/K, [T, a), where c1= t”, 
a(0) = t-l@, and KG F(0) is the fixed field of g. 
We produce more examples later. Now we want to establish the connec- 
tion between conjugate splittings and the Clifford algebra. 
THEOREM 1.2. Let g(1) E F[;1] be manic of degree n and let cc E F x. Let 
f (S, T) be the binary form given by f (S, T) = crT”g(S/T). Then the ClifSord 
algebra C, is universal for F-algebras over which go.) has a conjugate 
splitting with associated constant LX. More precisely if A is an F-algebra then 
g(n) has a conjugate splitting with constant c(, say 
where 5, 8 E A and 4” = u if and only if there is an F-algebra homomorphism 
C,+ A sending x to 5 and y to -@I 
Proof: Let A be an F-algebra and suppose 
for 5, OEA with t”=cc. Observe that (;1--5-(“P’)85”P’)= 
(-(“-j+ “((2 - (3) <“--‘. Hence 
g()“)= fj <-(n-i+l) ((A-ge) 5”-1=5-“(4’n-ge)n=~~1(5~~-5e)n. 
i=l 
Hence in A[S, T] we have f(S, T) = aT”g(S/T) = ((S- @T)“. It follows 
that the map sending x to 5 and y to -ye is a well-defined F-algebra 
homomorphism C,+ A. Conversely if A is any F-algebra for which there 
is an F-algebra homomorphism cp: C, -+ A, then the steps above reverse to 
show that 
g(A)= i (~-cp(x)~‘“~i’(cp(-x~ly))~(x)“-‘) in A[A]. 1 
r=l 
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We want to derive several consequences of this result. The first is a 
strengthening of Theorem 2.1 of Haile [2]. There it was shown that for a 
field F of characteristic not 3 every central simple F-algebra of degree 3 is 
a homomorphic image of the Clifford algebra of some binary cubic form 
over F. 
COROLLARY 1.3. Let F be a field of characteristic not 3. Let A be a 
central simple F-algebra of degree 3. There is a diagonal binary cubic form f 
over F such that A is a homomorphic image of Cp 
ProoJ: If A z M,(F) then we showed in Theorem 2.1 of [2] that A is a 
homomorphic image of the Clifford algebra of the form f (S, T) = S3 + T3. 
Now assume A is a division algebra. The result is then a consequence of 
Theorem 1.2 and the result of Wedderburn referred to earlier. It follows 
from Wedderburn’s theorem that there is an element 0 E A -F such that 
G3 = b E F”. If we let g(A) = R3 - b then again from Wedderburn’s theorem 
g(A) has a conjugate splitting over A. If a is the associated constant for 
some such splitting, say 
g(]*)= i (,-(-‘3-i)e4:3-i), 
i= 1 
where 4 E A and t3 = a, then by Theorem 1.2 there is a homomorphism 
C,-r A sending x to 5 and y to -@. It is easy to see that i” and @I 
generate A over F, so the homomorphism is surjective. 1 
For the next results we need to recall some facts concerning the structure 
of the Clifford algebra of a binary cubic form .f: Unattributed statements 
are from Haile [2]. Let S(S, T) = aS3 + 3bS2T+ 3cST* + dT3. The algebra 
Cf is an Azumaya algebra of rank 9 over its center. Its center is the coor- 
dinate ring of the affine elliptic curve given by Y2 = X3 - 270, where D is 
the discriminant off, that is, D =s2- rt, where 2s=ad- bc, r =ac- b2, 
and t = bd- c*. (In the case of a diagonal form the structure of the center 
was determined by Heerema [4]. The general case is in [2].) Because C,- 
is Azumaya its maximal ideals are in one to one correspondence with the 
maximal ideals of the center and therefore with the points on the elliptic 
curve (in some fixed algebraic closure of F). Also if the point (x,, yO) is on 
the curve then the corresponding simple homomorphic image of C, has 
center F(x,, y,,) and is of degree 3 over that center. Moreover if E denotes 
the group of F-rational points on the completion of the elliptic curve (using 
the point at infinity as the identity element) then there is a specialization 
map E -+ B,(F), the three-part of the Brauer group of F, and this map is 
a group homomorphism. 
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COROLLARY 1.4. Let F be afield of characteristic not 3. Let g(l) E F[n] 
be a separable manic polynomial of degree 3 and let A be a finite dimensional 
F-algebra over which g(A) has a conjugate splitting, say 
g(i)= h (&(-(3--i)d<3-1), 
1=l 
where <, 0 E A and t3 E F. Then the F-subalgebra B of A generated by 4 and 
8 is simple. In particular if [A : F] = 9 then A is simple. 
ProoJ This follows immediately from the theorem and from the fact 
that the Clifford algebra of a binary cubic is Azumaya. 
For the next result let g(n) E F[n] be a manic polynomial of degree 3. In 
order to conform with the usage for forms we define the discriminant of 
g(l) to be the discriminant of the associated form f(S, T) = T3g(S/T) 
(defined above). It is easily seen that the discriminant of g(1) in the usual 
sense (i.e., the number (nici(O; - 0i))2, where 19~) e2, o3 are the roots of 
g(J)) equals - 30, where D is the discriminant off (S, T). Finally one sees 
easily that disc(ag(;l)) = a4 disc(g(A)). 
The next result may be viewed as a strengthening of the fact that if L/F 
is a field extension of degree 3, then there is an F-algebra embedding of L 
into M,(F) (via the regular representation, for example). 
COROLLARY 1.5. Let F be a field of characteristic not 3. Ifg(,l) E F[n] 
is manic irreducible of degree 3 with discriminant D (say), then g(A) has a 
conjugate splitting over M,(F) with associated constant D-‘. 
ProoJ Because char Ff 3 we have D # 0. If c( E F x and f (S, T) = 
aT3g(S/T), then we have seen that the center of C, is the affine ring 
of Y* = X3 -27~~0. If we set a = D-‘, then this equation becomes 
Y* = X3 - 27Dp3, which has the F-rational point (30-l, 0). If E denotes 
the group of F-rational points, then this point (3D- ‘, 0) has order 2 in E 
(in general the inverse of (x,, y,) is (x,, -yO); see for example Husemiiller 
[S]). But under the specialization homomorphism E-+ B,(F) the image of 
E lies in the 3-torsion subgroup of B(F). Hence (-30,O) is mapped to the 
identity; that is, the corresponding homomorphic image of C, is M,(F). By 
the theorem we infer that M,(F) admits the desired conjugate splitting. 1 
COROLLARY 1.6. Let F be afield of characteristic not 3. Let g(n) E F[,l] 
be manic of degree 3 and let cc E F x. Let S= ([A] E B(F) ) A has degree 3 
and g(n) has a conjugate splitting over A with associated constant a}. Then 
%(A), u)=Su {I} is a subgroup of B(F). 
CLIFFORD ALGEBRAS 321 
ProoJ: In fact by the theorem, B(g(j*), c() is precisely the image of the 
group of F-rational points on the completion of Y2 = X3 - 27a4D 
(D = disc( g( A))) in B(F) under the specialization homomorphism. 
Remark. We see an example in the next section when S does not 
contain 1, that is, where the homomorphism E + B(F) is injective. 
The last thing we do in this section is to use the Clifford algebra to 
give another example of a conjugate splitting. We need the following 
observation. 
LEMMA 1.7. Let F be a field such that [F(o) : F] = 2, where o is a 
primitive 5th root of unity. Let KJF be (I cyclic extension of degree 5 and let 
(0) =Gal(K/F). Then there is an element (3~ K-F such that o(e) - 
(W+b)e+a-ye)=o. 
Proof: The extension K(o)/F is cyclic of degree 10 and o + o ~ ’ E F. We 
may choose a generator T of Gal(K(o)/F) such that zIK = 0 and we may 
choose an element y E K(w) such that y5 E F(o) and am = &y. Now let 
0 = y + r’(y). It is a routine calculation to show that f3 has the desired 
property. 1 
Now we can construct the example. Let F be as in the lemma and let D 
be a cyclic division algebra of degree 5, D = (K/F, (r, a). Let 6’ E K be as in 
the lemma. Choose z E D such that z&-l = a(e) and Z' = LX. Let v = z ~ ‘0. 
Then v5 = N(0) CI- ‘, where N: K -+ F is the norm map. From the identity 
o(B)-(o+o~‘)e+o~1(B)=Oitiseasytoseethatz2v-(o+w~‘)zvz+ 
vz* = 0 and v*z- (w+w-‘) vzv +zv2 =O. Hence D is a homomorphic 
image of the Azumaya algebra A, described in Section 2 of Haile and 
Tesser [3]. In particular as was shown in the same paper, if f (S, T) = 
clS5 + N(8) a- ’ T5 then there is a homomorphism from C, to D given by 
x M z and y H z - ‘v = z -*8. By Theorem 1.2 the polynomial g(l.) = 
A5 - N(B) cl-* has a conjugate splitting in D. Because w 4 F the conjugates 
do not commute, so this is not an example of the type discussed 
immediately after the definition of a conjugate splitting. 
2. EXAMPLES OVER Q 
The goal of this section is to exploit the structure of the Clifford algebra 
of a binary cubic to produce various examples of conjugate splittings of 
cubic polynomials. 
To begin we need to examine the structure of a binary cubic more 
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closely. In particular we need a description of the center that is more 
explicit than that given in Haile [2] in the case where F does not contain 
a cube root of unity. We assume throughout this section that char F# 3. 
Let f (S, T) = aS3 + 3cST’ + dT3 in F[S, T]. Let r = UC, 2s = ad, t = - c2, 
and D = s2 - rt = a2d2/4 + ac3, the discriminant of J: Let C,= F{x, y }/I 
be the Clifford algebra. Let K= F[fi]. The form f can be diagonalized 
over K. In fact in C, OF K, the elements X = (fi+ s) x- ry and y= 
(@ - s) x + ry satisfy (ax + bjj)3 = Ga3 + @“, where 5 =f($ + s, -r) 
and i?=f(@- s, r). B ecause the determinant of the change of variables 
matrix is 2rfi, the discriminant of the form f= &S3 + dT3 is G2d2/4 = 
26r6D4 (the discriminant is an invariant of weight 6). We identify the 
algebras C,. and C,= F{,Y, y}/l via the isomorphism determined by 
X-+(fi+s)x-ry and j+(&s)x+ry. 
We now pass to the algebra Cf OF K(o) = Cf OF K(w), where o is a 
primitive third root of unity. Hence we are dealing with the Clifford algebra 
of a diagonal binary cubic form f over a field K(o) containing w. As was 
stated above, in this case the algebra has already been described in detail 
in [2]. We merely state the relevant facts. The elements Xy and yx com- 
mute. Let p = jE - wXy and v = yX - 02Xj. Then PX = w2Xp, pj = ojp, 
VX = WXV, and vjj = o’J%. Hence the center contains the elements p3, v3, and 
pv = (jjX)2 - X2j2. In fact Z(C, 0, K(o)) = K(w)[ p3, pv]. Moreover 
~3-v3=3~(1-c0)tid and hence (~~)~=~~~~=~~(~~-3u(l-c0)5d)= 
( ,u3)2 - 30( 1 - w) a &’ = ( p3 - 30( 1 - w) a a/2)2 + 27(a2d2/4). It follows 
then that the center is isomorphic to the coordinate ring of the curve 
Y2 =X3 - 27(a2d2/4). 
Now let cr be the ring automorphism of C, OF K(w) which is the identity 
on C, OF K and sends o to w2. Clearly the fixed ring of this automorphism 
is just Cf QF K. In particular Z( C, OF K) = Z( C, OF K(o))” = 
(K(o)[p3, pv])“. Now a(X)=.? and a(y)=y. It follows that G(P)= v and 
so a(v) = p. Hence pv and p3 + v3 lie in the center of C, OF K and in fact 
one sees easily that Z( C, OF K) = K[ p3 + v3, pv]. We saw in the preceding 
paragraph that p6 = 3w(l -w) 5 dp3 + (~v)~. By applying 0 we obtain 
v6 = 3w2( 1 - 02) a dv3 + (~v)~. Therefore ( p3 + v3)2 = pL6 + v6 + 2( ~v)~ = 
3w( 1 - w) ti d( p3 - v’) + 4( ~v)~ = -27a2 d2 + 4( ~v)~, and so we have an 
explicit realization of the center Z(C, OF K) as the coordinate ring of 
Y2 = X3 - 27(a2 d2/4). 
Next we determine the center of C, itself. We let 5 be the ring 
automorphism of C, Q, K which is the identity on C, and sends fi to 
- fi. One sees easily that $2) = -y and so z(y) = --X. Hence r( pv) = 
T( (YX)~ - X2y2) = (2~)~ - Y’X’ = ,uv (because Xj and jX commute). Hence 
pv E Z(C,). Now p3 + v3 = 2(jeii)3 + 3(jX)2(.q) + 3jE(Xj)2 - 2(Xj)3, so 
z( p3 + v3) = - (p3 + v’). Hence z fixes @(p3 + v’). It follows easily that 
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Z(C,) = F[ pv, ,,/$ p3 + v’)]. Moreover we have [fi( p3 + v’)]’ = 
-27a* d*D + 4D( ~v)~ = - (27) 2’r6D5 + 4D( ~v)~. Finally we obtain 
fi(P3+v3) 2=-27D+ 
24r3D2 1 
(*) 
Thus we have be desired explicit realization of the center as the coordinate 
ring of Y2 =X3 - 270. 
Our examples will all be over Q, the rationals. 
EXAMPLE 2.1. We first give an example of a manic irreducible polyno- 
mial g(A) and an element c( E Q x such that there is no central simple 
Q-algebra of degree 3 over which g(A) has a conjugate splitting with 
associated constant c(. Let g(l) = A3 + 152 + 2. This polynomial is 
irreducible over Q. The discriminant of g(A) is 126. By Theorem 1.2 the 
existence of a central simple Q-algebra of degree 3 over which g(A) splits 
with constant c( is equivalent to the existence of a Q-rational point on 
the curve Y2 = X3 - 27( 126) CX~. If we take CI = l/3 then we obtain 
Y2 = X3 - 42. But this curve is known to have no Q-points (see Birch and 
Swinnerton-Dyer [I]), so there is no central simple Q-algebra of degree 3 
over which the polynomial A3 + 15A + 2 has a conjugate splitting with 
associated constant l/3. 
The rest of our examples deal with the polynomial g(%) = A3 - 3i + 1. 
This polynomials is irreducible over Q and its discriminant is -3/4. Let 
L = Q(0), where 0 is a root of g(A). Because - 3( - 3/4) is a square, we 
know the extension L/Q is Galois; in fact Gal(L/Q) = ((T), where 0 is 
given by 0(6)=0*-2. If cr~Q~ then we have seen in the example in 
Section 1 that the cyclic algebra A = (L/Q, 0, a) admits a conjugate splitting 
of g(A) with associated constant CI. It follows from Theorem 1.2 that A is 
a homomorphic image of Crs where f(,S, T) = crT3g(S/T); in fact the 
homomorphism is given by x H z and y H -ztI, where z E A satisfies 
ZOZ -‘=cJ(~) and z3=c(. 
We need to identify which points on the curve determining the center of 
C, correspond to the algebra A. To do this we consider a more general 
setting. Let F be a field of characteristic not 3 and let L = F(B)/F be a cyclic 
extension. Let of degree 3, with (0) =Gal(L/F). Let g().)=Irr,(B) and 
D = disc( go.)). Let CI E F x and letf(S, T) = ctT3g(S/T) so that the center of 
C, is given by Y2=X3-27a4D=X3 + (3~‘)~( -30). Because L/F is 
Galois we know - 30 is a square in F, say - 30 = p 2, p E F. The subgroup 
H of the group E of F-rational points on the completed curve generated by 
the point (0,3ba2) has order 3; it consists of (0, *38x2) and co. Let A be 
the cyclic algebra (L/F, CT, a). 
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PROPOSITION 2.2. The image of H under the specialization homomor- 
phism E -+ B(F) is the subgroup generated by the class of A. 
ProojY As we saw above there is a homomorphism cp: C,-+ A given by 
q(x) = z and p(y) = -ztI, where z is an element of A satisfying 
ZBZ -I = o(0) and z3 = ~1. Using the description (*) of the center of C, 
derived at the beginning of this section we see that it suffices to show that 
(p(pu) = 0. For this we can pass to the algebra C, 0 F(@) and let 
cp = cp@ 1. But then we have (using the notation established at the 
beginning of this section) 
and cp(j)=((fi--)--m(B)) z. But we have seen that ,uv = (y,U)* - 
(X)*(Y)*. It is now a routine calculation to see that cp(pv)=O. l 
We now return to our specific polynomial g(l) = Je3 - 3% + 1. If c1 E Q ’ 
then the center of C, (where f(S/T) = cxT3g(S/T)) is the coordinate ring of 
the curve Y* = X3 + 34~4/4. 
EXAMPLE 2.3. Let a = 2/3. The center of C, is given by Y* = X3 + 4. It 
is known (see Birch and Swinnerton-Dyer [I]) that the group of 
Q-rational points on this curve has order 3 and is precisely the group 
H = ((0, 2)) described above. From the proposition the finite points in H 
correspond to the algebras A and A’, where A = (L/Q, ~,2/3). But the 
algebra A is not split over Q; in fact, A is not split at the prime 2, because 
L/Q is unramified at 2 and 2/3 is a local parameter at 2. We infer then that 
in this case the homomorphism E + B(Q) is injective. In terms of splittings 
this is equivalent to saying that Je3 - 31. + 1 has a conjugate splitting over 
A with associated constant M but not over M3(Q). 
We want to show next how in some cases conjugate splittings lead 
naturally to points of infinite order on the elliptic curves that arise. The 
general idea is that in the case where Q(e)/Q is Galois (of degree 3) and 
go”) = Irr,(0), we have accounted for the points of order 3 on the curve 
by Proposition 2.2. Hence if we can find other conjugate splittings of g(A) 
with the same associated constant, we almost always get points of infinite 
order (using the fact that the torsion Q-points on a curve of the form 
Y2=X3+k, kEQ”, are either trivial, Z,, Z,, or Z,, and this last case 
occurs exactly when k is a sixth power in Q. See Husemoller [S]). AS we 
see the points we obtain can be easily understood by elementary means, so 
we do not dwell on the computations but rather emphasize the connection 
with Clifford algebras and conjugate splittings. We begin with the following 
result. 
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LEMMA 2.4. Let go*) be a manic irreducible polynomial of degree 3 over 
F and let GCEF”. Let f (S, T) = aT3g(S/T). Suppose A, and A, are central 
simple F-algebras of degree 3 admitting conjugate splittings of g(i) with 
associated constant a, say 
where tj, e, E Aj and c; = c( for j = 1, 2. Let q j: G,+ Al be the corresponding 
homomorphism (that is, cp,(x) = t, and cpj(y) = -4,iej). Then ker cp, = 
ker cpz (so that cpl and (p2 determine the same point on the elliptic curve) if 
and only tf there is an F-algebra isomorphism t+!r: Al --t A, such that 
$(e,) = 0, and ll/(tl) = t2. 
Proof: If ker cp, = ker (p2, then let cpi: CJker ‘pj + Aj be the induced 
isomorphism. Then $ = Cpz cp ; ’ has the desired properties. The converse is 
equally easy. 1 
Consider once again the Galois extension L = Q(fl)/Q, where 
Irr,(B)=g(;l)=A3-3A+ 1. Let G(L/Q)= (a), where a(B)=O*-2. Let 
b E Q x and let A = (L/Q, e’, b). Choose 5 E A satisfying @~-’ = a(0) and 
t3 = b. We want to determine all possible conjugate splittings for g(A) 
over A. 
PROPOSITION 2.5. Let z E A. Then z determines a conjugate splitting for 
g(1); that is, g(l)=n!=,(~-zi-30z3-i) ifand only ifz=y(20*+8-4)+ 
k,< + k,[,, where YEQ, k,, k2E L satisfy the condition bk,a*(k,)= 
3(8’+ 0 - 3) y2. Moreover zf z is of this form then z3 = 18y3 + N(k,) b + 
N(k,) b* E Q x, where N: L --f Q is the norm map. In particular tf k, # 0 then 
z3 = (l/bN(k,))(bN(k,) + 9y3)*. 
Proof The proof is a reasonably straightforward computation, so we 
give only a brief outline. The conditions on z required for the splitting 
(obtained by equating coefficients) can be reduced to the following two: 
ez* + zez + 28 = 0 and ezeze = + z*. 
Hence the procedure is to write z = k, + k, 5 + k,t2 for kj E L, substitute 
into the two equations, and examine the resulting relations. With perser- 
verance one obtains the desired form for z. It is then routine to verify the 
formulas for z3. 1 
Now let z = y(20* + 0 - 4) + k, 4: + k,<* satisfy the conditions of the 
proposition and let c1= z3. Let f (S, T) = aT3g( S/T). By renormalizing we 
can use Y2 = X3 + (6~)~ as the equation for the center of C’,-. We know that 
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g(l) has a conjugate splitting determined by z with associated constant c(. 
Let P be the corresponding Q-rational point on the curve. 
PROPOSITION 2.6. Assume 6a is not a cube in Q. If y # 0 then the rational 
point P on the elliptic curve Y* =X3 + (6~)~ has infinite order. 
ProoJ: Let E denote the group of Q-rational points on the curve, Let 
B = (L/Q, CJ, u.) and choose u E B satisfying u3 = a, z&u ~’ = a(0) = 02 - 2. 
By Proposition 2.2 the point (0, (ba)2) on the curve generates a subgroup 
H of order 3 in E and the image of H in B(Q) is generated by the class 
of B. 
Let cp: C,+ A be the homomorphism corresponding to P; that is, 
q(x) = z and q(y) = -zt?. We claim the point P is not in H. Since P # cc 
if PEH then we have kercp=kerII/, or kercp=ker$,, where $l:Cf-+B 
is the homomorphism given by $i(x) = tl and $,(y) = - u0 and 
$2:Cf-tB0=(L/Q,a,a-’ ) is the homorphism given by $2(~) = up ’ and 
i+b2(y) = -u-‘0. 
Suppose ker cp = ker $1. Then by Lemma 2.4 there is an isomorphism 
r: A + B such that z(0) = 8 and z(z) = U. But it then follows that 
zoz-’ = o(d), so z EL<. Hence y = 0, contrary to assumption. The argument 
for $2 is the same. This proves the claim. 
However, as we have already noted once we know P$ H it follows that 
P has infinite order, if 61x is not a cube. 1 
It is perhaps worth observing that once we know, as in this case, that A 
comes from a point P of infinite order then it follows that A admits an 
infinite number of inequivalent conjugate spittings with the same associated 
constant CI. By inequivalent we mean coming from different points on the 
curve. The reason is that if P + [A] then P ’ + 3k + [A] for all k and each 
such point determines a splitting. We give an explicit example shortly. 
It is natural to try to determine the coordinates of the point P obtained 
in the proposition. This can be done using the analysis given at the beginn- 
ing of this section. We state the result but omit the details. Suppose then 
that we have, as before, 6, y E Q x, kE Q(0) and we let LX =z3 = 
(l/bN(k))(bN(k) +9~~)~. One can show that the x-coordinate of P is 
x0 = - 36yu9. Hence we know that y, = ,,/‘m is a rational number 
and if 6cr is not a cube then (x0, yo) is a point of infinite order on 
Y2 = X3 + (6~)~. However, it is easy to verify directly that if a is any 
rational number of the form a = ( ~/LY)(CY + 9~~)~, where a, y E Q x and we let 
x0 = - 36ya9, then y, = Jm is rational. 
We now consider a numerical example. 
EXAMPLE 2.7. Let b = f, y = & k = 3 - 0 - 8’. Then N(k) = - 3 and so 
CI = -f(z)‘. After normalization the resulting curve is given by 
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Y2 =X3 + 225 and the point we obtain is (6,21). In terms of algebras we 
then infer that there are infinitely many inequivalent conjugate splittings of 
g(A) with associated constant -i(z)” over the division algebra (L/Q, 6, ;). 
3. NORM CONDITIONS 
Let F be a field of characteristic not 3 and let L/F be a field extension 
of degree 3. Let L = F(O), g(i) = Irr,(B) and assume 8 has trace zero. Let 
f(S, T)=aT3g(S/T), where aeFX. Let E denote the affine ring of the 
curve Y2 = X3 - 27~~0, where D is the discriminant of g(il). In this section 
we want to derive norm conditions that determine whether the 
homomorphic image of C, induced by a given F-rational point on E is a 
split algebra. As a consequence we obtain conditions equivalent to 
W/F) # 0. 
PROPOSITION 3.1. Let (x,, yO) be an F-rational point on E and let A be 
the corresponding homomorphic image of Cp The following conditions are 
equivalent. 
(1) The algebra A is split. 
(2) The element f ($ + s, - r) is a norm in the extension K/F(fi), 
where K is obtained by adjoining a root of the polynomial T3 - Dx,T- 
2a2D2 to F(fi). 
(3) The elements yO+ 3u21/-30 are norms in the extension 
L( m)/F( m). 
Remark. In condition (3), because ( y + 3a2 ,/r-30)( y - 3u2,/-30) 
=x i, we see that if x0 # 0 then y + 3a2m is a norm if and only if 
y-3c?&G. is a norm. If x0 = 0 then exactly one of these two elements 
is zero. 
Proof: We first show that conditions (1) and (2) are equivalent. We 
pass to the field F(a) an use the notation established at the start of d 
Section 2. The point is that over this extension field the algebra 
AOF contains a natural Galois extension. In fact consider the 
element .Q in C,@ F(@). We have seen that Xjj commutes with yx. 
Moreover jZ is a conjugate of .?y because Jo = XP ‘(Xv) X. Hence the 
element @ will satisfy the polynomial 
h(T)=(T-xj)(T-jx)(T-x-‘y%2) 
=T3+(xy2x+xyx2~x~l+y2x2)T-ad 
= T3-~vT-ad. 
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It follows that in every homomorphic image of Cr the image of ~jj will 
generate a (possibly split) Galois extension of its center with generating 
automorphism given by conjugation by X. Let cp: C,.+ A denote the 
homomorphism given by our F-rational point (x,, v,,) and let 
@Cf@F(&-+A@F(fi) d enote the induced map. We infer that 
either @(Xv) generates a split Galois extension of F(@), in which case the 
norm condition is satisfied, or A 0 F(fi) is the crossed product algebra 
determined by the extension F(fi)(Cp(@)) and the element Cp(X). Using 
the description (*) of the center of Cf (from Section 2) we see that (p( ,UV) = 
4r2cr4Dx,. Moreover ad= 24r4a8D2. After resealing we see that the exten- 
sion F(fi)(@(Xy)) is obtained by adjoining a root of T3 - Dx, T- 2a2D2 
to F(&. But X3 =f(fi+ s, --I), so we have the equivalence of (1) 
and (2). 
We now proceed to show the equivalence of (I) and (3). For this we first 
pass to the extension F[o, fi]. This time the point is that there is a 
natural element in Cf @ F(o, @) which by conjugation induces a 
generating automorphism for the Galois extension L(o, fi)/F(w, fi). 
Namely we have seen that @=02X~ and ~jj=ojp. It follows that 
#-‘yp--’ = w2XP’y. Similarly vX-‘~vP’ = u~:-‘Y. Moreover a routine 
calculation shows that x -‘y commutes with X-‘y. It follows that in every 
simple homomorphic image of C, @ F(w, fi) the image of x - ‘y lies in 
the subfield generated by the center and the image of X-‘y. 
Now let y be the automorphism of F(:(w, fi)/J’(&%) sending o to 
o2 and fi to - fi. Then C, 0 F(m) is the fixed ring of y = 10 y. 
Moreover y(p) = -o’,u and so wfip lies in C, @F(m). Similarly 
w’fiv E C,. @F(m). Now we have seen that 
p3-v3=3W(l-~)ad, (**) 
so both p and v cannot be zero. By putting these facts together we see that 
in A 0 F(m) the image 0 of xP’y generates the Galois extension 
~(Jr-3D)/F(~) and conjugation by the image of wfip or 
w2fiv (at most one of which can be zero) generates the Galois group. We 
need to compute (o@p)’ and (c0’,,6v)‘. From Eq. (*) in Section 2 we 
obtain p3 + v3 = (yo/a2fi)(24r3a8D2). Combined with (**) above we infer 
that 
- + 3w( 1 - u) ct2 23r3a8D2 
and so (o.Q~F)~ = p3(y0 + 3$(m), where fi = 2ra’D E F. Similarly 
(w’fiv)’ =/13(vo- 3a2$%). The equivalence of (1) and (3) is now 
clear. 1 
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COROLLARY 3.2. Let L/F be as described above. Then B( L/F) = 0 if and 
only if for every a E Fx and every F-rational point (x,, y,) on the curve 
Y2 = X3 - 21cr4D the coordinates x0, y, satisfy one of the equivalent condi- 
tions (2) or (3) of the theorem. 
Proof: If B( L/F) # 0 then there is a division algebra A of degree 3 over 
F such that LEA. By Wedderburn’s theorem the polynomial g(A) has 
a conjugate splitting over A with some associated constant tl E F”. The 
corollary now follows. 1 
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